"This paper presents a robust sampled-data controller design approach for vibration attenuation of civil structures considering parameter uncertainties and actuator saturation. The parameter uncertainties belong to polytopic form and are assumed to be the variations of the structural stiffness and damping. Regarding the uncertain sampling problem encountered in real world applications, the sampling period designed for the controller is allowed to be variable within a given bound. In order to obtain reduced peak response quantities, the energy-to-peak performance used to describe the peak values of the control output under all possible energy-bounded disturbances is optimised. The robust sampled-data state feedback controller is obtained in terms of the solvability of certain linear matrix inequalities (LMIs). The applicability of the proposed approach is demonstrated by a numerical example on vibration control of a building structure subject to seismic excitation. It is validated by the simulation results confirming that the designed controllers can effectively attenuate the structural vibration and keep the system stability while there are parameter uncertainties and actuator saturation constraints. (C) 2011 Elsevier Ltd. All rights reserved." Regarding the uncertain sampling problem encountered in real world applications, the sampling period designed for the controller is allowed to be variable within a given bound. In order to obtain reduced peak response quantities, the energy-to-peak performance used to describe the peak values of the control output under all possible energy-bounded disturbances is optimised. The robust sampled-data state feedback controller is obtained in terms of the solvability of certain linear matrix inequalities (LMIs). The applicability of the proposed approach is demonstrated by a numerical example on vibration control of a building structure subject to seismic excitation. It is validated by the simulation results conrming that the designed controllers can eectively attenuate the structural vibration and keep the system stability while there are parameter uncertainties and actuator saturation constraints.
Introduction
With the rapid development of computer technology, digital controllers are becoming a reality in many engineering applications, in which a digital computer is used to sample and quantify a continuous-time measurement signal and produce a discrete-time control input signal which is further converted back into a continuous-time control input signal using a zero-order hold. Since physical plants are continuous-time systems in real world, the control systems that use digital controllers involve both continuous-time and discrete-time signals in the continuous-time frame and are referred to as sampled-data systems.
Analysis and synthesis of sampled-data systems have been investigated in a number of papers (see for example [1, 2, 3, 4, 5] ). In civil engineering, the control of building structures subject to earthquakes or strong winds has received considerable attention over the past three decades and much eort has been devoted to the development of control devices and algorithms [6, 7, 8] . With recent focus on wireless monitoring and control of structural systems [9, 10, 11, 12] based on networked control technique [13] , studying sampleddata control problem for structures is becoming signicant. Classical solutions to this type of feedback control problem as well as their applications in civil engineering can be found in the literature [14, 15, 16] , where optimal discrete-time and sampled-data control algorithms taking into account external excitations were developed for structural engineering applications. Some practical issues such as the eect of sampling frequency, time delay and actuator dynamics were addressed. The methods were numerically validated on the building examples. However, although the eect of sampling frequency was studied in those research and it was shown that the control eciency were improved signicantly with higher sampling frequency, it is noted that the controller design given in those studies is fully dependent on a given sampling rate. That means the controller design is fully based on the assumption that the sampling is made periodic and the controller should be re-designed once the sampling frequency is changed anyway. In practice, the sampling frequency can be varied in terms of the digital realisation requirement and the uncertain sampling may happen when the sampler contains uncertainties or the mathematical model used is not ideally consistent with the sampling equipment. Therefore, designing a sampled-data controller that is robust to the variable sampling rate is necessary.
The parameter uncertainties are one of the most critical issues to a control system as they can aect both the performance and the stability of the control system. Parameter uncertainties may come from modelling errors, variations in material properties, and changing load environments which make the system description for the structural models inevitably containing uncertainties of dierent nature and level [6, 17, 18] . On the other hand, any actuation mechanisms are subject to inherent physical limitations. The saturation on actuator capacity takes on added importance in structural applications, and in earthquake design in particular [19] . For structures, robust continuous-time controller design considering practical issues like parameter uncertainties, actuator saturation, actuator failure, time delay, etc., was recently studied by, for example, [20, 21, 22, 23, 24] . As indicated in the concluding remarks of [16] , considering actuator saturation and model uncertainties in the sampled-data controller design process should be a logical next step. This motivates the present study. This paper concerns with the robust sampled-data controller design for buildings with parameter uncertainties and actuator saturation constraint. The objective is to design a state feedback controller such that the closed-loop system is asymptotically stable with an optimal disturbance attenuation subject to parameter uncertainties and actuator saturation. The parameter uncertainties dealt with are of a polytopic type, the sampling rate is designed to be variable, and the energy-to-peak performance [25] is used to obtain good peak response quantities. Based on the recently developed input delay approach [4, 5] , sucient conditions for designing such a controller are derived in terms of linear matrix inequalities (LMIs) which can be resolved eciently using the available software Matlab LMI Toolbox. To validate the eectiveness of the approach, the designed controllers are applied to reduce the vibration of a seismic-excited building structure. Simulation results show good vibration attenuation performance and system robust stability in spite of parameter uncertainties, actuator saturation, and variable sampling rate.
The rest of this paper is organised as follows. Section 2 presents the problem description for sampleddata control of uncertain structures. Section 3 derives the conditions for designing the robust controller.
Section 4 provides an application example to validate the eectiveness of the approach developed. Finally, we conclude our ndings in Section 5.
Notation: R n denotes the n-dimensional Euclidean space and R n×m the set of all n × m real matrices.
For a real symmetric matrix W, the notation of W Â 0 (W ! 0) is used to denote its positive-(negative-) deniteness. I is used to denote the identity matrix of appropriate dimension. When a matrix is equal to 0, in such case, 0 is used to denote the zero matrix of appropriate dimension. To simplify notation, is used to represent a block matrix which is readily inferred by symmetry.
Sampled-data Control of Uncertain Structure
Consider an n degree-of-freedom (DOF) actively controlled building structure subject to external excitations, the governing equation is written as
where x(t) = [x 1 (t), x 2 (t), . . . , x n (t)] T , and x n (t) is the nth oor relative displacement with respect to ground; b x(t) andẍ(t) are the rst and second time derivatives of x(t), respectively; u(t) = [u 1 (t), u 2 (t), . . . , u r (t)] T , u r (t) is the rth control force; H 5 R n×r gives the location of the r controllers; w(t) is the external excitation;
E is a vector denoting the inuence of external excitation; M, C, K 5 R n×n are the mass, damping, and stiness matrices of the structure, respectively.
Dene the state vector as q(t) = x T (t) b x T (t)¸T , the state space representation of the structure in (1) can be expressed as
where A = Consider system (2) has parameter uncertainties, and in particular, the parameter uncertainties are induced by the variations of stinesses and damping coecients, the parameter uncertainties in matrices of system (2) can belong to a polytopic set described by vertices, then, the system matrix A can be expressed
where is used to characterise the parameter uncertainty and is assumed to be varied in a polytope of
where the symbol Co denotes the convex hull and denotes a given convex bounded polyhedral domain.
With further consideration on the actuator saturation, system (2) is expressed as
where the actuator saturation expression sat(u) is in the decentralised saturation form, that is,
where i = 1, 2, . . . , r, and sat(u i ) is the standard saturation function with the limit of u lim i for the ith actuator, that is,
Using the following transform [26, 27, 28] sat(u) = ()u,
where (4) can now be written as
To obtain a high gain controller as that in [26] , the command to the ith actuator is allowed to be i u lim i
for an arbitrary scalar i > 1. Therefore, the resulting i will be bounded by 1 and 1/ i , that is,
and () can be expressed as
In this paper, the external excitation signal w(t) is assumed to be bounded and with nite energy, that is,
i.e., w(t) 5 L 2 [0, 4) . This is one possible specication for a class of design loads that the engineering structures are designed to resist, for example, a class of design earthquakes whose intensity and associated total energy is specied on a Richter scale [25] .
To design a controller for active vibration attenuation of structures under external excitations, the control output should be dened so that the performance index from the external excitation to the control output can be realised with the specied requirement. For system (7), we dene the control output as
where C z is a constant matrix which denes the interested output variables. Now, it is assumed that the state variables of the building structure are measured at time instants 0 = t 0 < t 1 < · · · < t k < t k+1 < · · · , and only q(t k ) are available for interval t k 6 t < t k+1 . Then, for the uncertain system (7), we are interested in designing a state feedback controller in the form of
where K c 5 R r×n is the state feedback gain matrix to be designed. With the controller (12), the closed-loop system is becoming
In order to achieve good peak response qualities, the paper aims to design a controller (12) such that the closed-loop system (13) is asymptotically stable for all admissible parameter uncertainties in spite of the saturation constraint, and the closed-loop system (13) guarantees, under zero initial condition, kzk " < kwk 2 , i.e., energy-to-peak performance, where > 0 is a prescribed constant, for all non-zero w 5 L 2 [0, 4).
The block diagram for the sampled-data control of building structure is shown in Figure 1 . It is assumed in this study that the sampling of the measurement is synchronised with the holding of the control signal, and the interval between any two sampling instants is bounded by
where h > 0 is the maximum sampling interval, i.e., the maximum sampling interval is bounded. It does not require the sampling to be periodic, and the designed controller (12) should be eective for any sampling frequency higher than 1/h.
Robust Sampled-data Controller Design
It is noticed that the sampling instant t k can be represented as
where (t) = t t k . Then, we obtain
where u(t k ) is a discrete-time control signal and the time-varying delay (t) = t t k 6 h is piecewise-linear with derivative b (t) = 1 for t 6 = t k . Using (16), the closed-loop system (13) is rewritten as
which is a continuous-time system with an uncertain and bounded delay (t) in state. Note that the sampleddata system (13) can be seen as a particular class of the state-delayed system (17) . The asymptotic stability of system (13) is guaranteed if system (17) is asymptotically stable. Now, choose a Lyapunov-Krasovskii functional candidate for system (17) as
where P = P T , P Â 0, Q = Q T , Q Â 0. Then, the time derivative of V (t) along the solution of system (17) gives b
where
By the Newton-Leibniz formula, we have
Then, for any appropriately dimensioned matrices
and we have
Adding 2 to the right hand of (19), we have
9 9 9 9 9 9 9 9 9 9 7 11 12 
When assuming the zero-disturbance input, i.e., w(t) 0, if ! 0, then from (23), b V (t) < 0 is established and the asymptotic stability of the closed-loop system (17) and (13) 
and V (t) < R t 0 w T (s)w(s)ds.
By Schur complement, ! 0 is equivalent to 5 9 9 9 9 9 9 9 9 9 9 9 9 9 9 7 
Dene L , P 31 , and pre-and post-multiplying (26) by diag μ L L L I I ¶ T and its transpose, re-spectively, we obtain 5 9 9 9 9 9 9 9 9 9 9 9 9 9 9 7 
and R = Q 31 in (27), we obtain 
It is noticed that (R L)R 31 (R L) º 0 since R Â 0, which is equivalent to 
then, the inequality (28) can be established. Substituting
and () = 2r P j=1 j j into (30), we readily obtain the equivalent condition as 5 9 9 9 9 9 9 9 9 9 9 9 9 9 9 7 
Furthermore, using Schur complement, the feasibility of the following inequality 5 9 9 7
At the same time, it can be derived from (25) that q T (t)P q(t) < 2 R t 0 w T (s)w(s)ds if ! 0 is guaranteed. Then, it can easily be established from (11) that for all t > 0,
Taking the supremum over t > 0 yields kzk " < 2 kwk 2 for all w 5 L 2 [0, 4) , that is, the energy-to-peak performance is established. Similarly, condition (32) is transformed to 5 9 9 7
On the other hand, from (12), the constraint |u i | 6 i u lim i can be expressed as
for an ellipsoid (P, ) = © q(t)|q T (t)P q(t) 6 ª being a subset of (K c ) is [29] 
By Schur complement, inequality (36) can be written as 5 9 9 7
Using the denitions L = P 31 andK c = K c P 31 , inequality (37) is equivalent to 5 9 9 7
We now summarise the controller design procedure in the following theorem. The proof of this theorem is evident from the above presented analysis, and will be omitted for brevity.
Theorem 1 Consider the building system (1), there exists a state feedback controller in the form of (12) such that the closed-loop system in (17) is asymptotically stable with guaranteed kz 2 k " < kwk 2 under parameter uncertainties and actuator saturation constraint dened in (3) and (5) is minimised subject to the LMIs (31), (34) , and (38), the controller with the optimal performance can be obtained.
Application to Seismic-Excited Building
In this section, an example is presented to illustrate the applicability and eectiveness of the proposed approach to a seismic-excited building with parameter uncertainties and actuator saturation.
In this example, a three-storey shear building model is considered [30] , where the active bracing system (ABS) is installed at the rst oor to control the vibration of the structure as shown in Now, we rstly check the eect of sampling frequency on the closed-loop (controlled) system performance.
As dened above, the controller is designed for h = 25 ms, which means that the sampled controller is able to stabilise the system for any sampling interval less than 25 ms, i.e., sampling frequency larger than 40 Hz.
To evaluate the system performance, six evaluation criteria in relation to building responses are used [31] .
The rst three criteria are based on peak responses of the building and the last three criteria are based on root mean square (RMS) responses of the building. In general, small values of these evaluation criteria are more desirable. The rst evaluation criterion is a measure of the normalised maximum oor displacement relative to the ground, given as
where x i (t) is the relative displacement of the ith oor over the entire response, x max denotes the uncontrolled maximum displacement. The second evaluation criterion is a measure of the reduction in the interstorey drift. The maximum of the normalised interstorey drift is
where d i (t) is the interstorey drift of the above ground oors over the response history, and d max denotes the peak interstorey drift in the uncontrolled response. The third evaluation criterion is a measure of the peak oor accelerations, given by
whereẍ ai (t) is the absolute acceleration of the ith oor, andẍ a max is the peak uncontrolled absolute acceleration. The next three criteria are dened for oor displacement (J 4 ), interstorey drift (J 5 ), and oor acceleration (J 6 ) in their normed-based forms as
where k·k denotes norm computation, and kx max k , kd max k , and kẍ a max k denote the maximum normed oor displacement, interstorey drift, and oor acceleration corresponding to the uncontrolled structure.
For the nominal system (no parameter uncertainties), the variations of these six criteria with the change of sampling frequency are shown in Figure 3 . It is seen from Figure 3 that the sampling frequency surely aects the system performance as when the sampling frequency is lower than about 40 Hz, six evaluation criteria are relatively larger. On the contrary, when the sampling frequency is higher than about 40 Hz, six evaluation criteria are smaller and do not change signicantly with the increase of sampling frequency.
Although by the Nyquist sampling theorem, the measured variables need to be sampled at a frequency at least twice the dominant structural frequency to reconstruct the structural response, to achieve a better control performance, the system should be sampled at a relatively higher frequency. In practice, the sampling frequencies of most vibration sensors are in the order of 100-500 Hz, thus the applicability of the designed controller is sucient.
Next, we will check the robustness of the designed controller. For doing so, we will evaluate the structural responses under the earthquake excitation when system parameters are varied. Similarly, the six criteria versus sampling frequency for the nominal system with the newly designed controller are plotted in Figure 6 , from which a similar conclusion can be obtained as when the sampling frequency is lower than about 40 Hz, six evaluation criteria are relatively large, and when the sampling frequency is higher than about 40 Hz, six evaluation criteria are smaller. This suggests again that sampling a control system at a relatively higher frequency will yield better control performance.
Under the same earthquake excitation, the structural responses of the rst oor and the control force for the nominal system are plotted in Figures 7-8 , which show that the closed-loop is stable and the closed-loop performance is a little worse than those obtained with high saturation limit case as shown in Figure 4 . The detailed comparisons for four-vertex cases and the nominal case on the maximum interstorey drifts, d i max, i = 1, 2, 3, oor absolute accelerations,ẍ ai max , i = 1, 2, 3, and control force u max are summarised in Table   2 , which conrms again that the closed-loop systems can always achieve good peak response quantities Time delay is one of the important problems in control systems since it may aect the system's stability and performance. When the time delay is mainly from the computation of control laws, there are few cases where the time delay is larger than a sampling interval [32] . In this case, the presented approach can naturally deal with the time delay eect provided that the sum of time delay and sampling interval is less than the designed maximum sampling interval h. As shown in Figure 9 , when the sampling frequency is 100 Hz (i.e., sampling interval is 10 ms), and the time delay is increased from 20% to 80% of the sampling interval, there are no clear degradation on the control performance for the cases where the actuator limit is given as 1500 N and 700 N, respectively. When the actuator time delays, which are taken by the actuators to build up the required control forces and may be longer than the sampling intervals, are considered in the sampled-data controller design, the methods proposed in [33] to deal with two additive delays could be used. In addition, when actuator dynamics is considered, if it is a linear actuator model as used in [34] , this actuator model can be included into the controller design process without introducing much diculties. If it is a nonlinear actuator model, other techniques such as model-based Takagi-Sugeno fuzzy control strategy would be helpful. Nevertheless, these issues are beyond the focus of the current paper and will not be included.
In this paper, a sampled-data controller design approach is presented for structures considering variable sampling rate, actuator saturation, and robust stability with respect to parameter uncertainties. The sampling rate is allowed to be varied in practice when it satises the designed minimum sampling frequency requirement. Since parameter uncertainties on stiness and damping always happen to structures due to changing environmental conditions, and they are dicult to be measured in real time, a robust xed gain controller is designed in spite of its conservatism compared to the gain-scheduled controller. In addition, for a given saturation limit, a high gain controller can be designed using the presented method to realise better control performance. Simulation example shows that the controllers designed using the presented approach can eectively achieve the attenuation objective when there are parameter uncertainties and actuator saturation constraint. 
